










































Color Connement in Perturbation Theory









Color connement by the mechanism of Kugo and Ojima can treat connement
of any quantized color carrying elds including dynamical quarks. However, the
non-perturbative condition for this connement has been known to be satised only
in the pure-gauge model (PGM), which is a topological model without physical
degrees of freedom. Here we analyze the Yang-Mills theory by adding physical
degrees of freedom as perturbation to PGM. We nd that quarks and gluons are
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1 Introduction
The understanding of the color connement mechanism is one of the most fascinating problems
in QCD. In this paper we shall study the color connement mechanism proposed by Kugo and
Ojima (KO) [1]. It is based on the BRST quantized Yang-Mills theory (coupled to the quark









































; c; c; B) species the gauge xing. In this paper we adopt as G
either G






















of the OSp(4/2) symmetric gauge [2] ( is the gauge parameter and 
A
is the anti-BRST
transformation [3] dened in the Appendix).
The connement by the KO mechanism is in the sense that there are no physical color-
carrying asymptotic elds. In contrast to the Wilson loop criterion [4], the KO mechanism
treats connement of quantized quarks and gluons. According to Kugo and Ojima [1], a
sucient condition for this connement to be realized is that the BRST-exact conserved color




















contains no (Nambu-Goldstone-like) massless one-particle mode. If this condition is satised,
the color charge Q
a

















; g ensures that any color non-singlet asymptotic states
are necessarily BRST unphysical and hence unobservable.
Dierently to the Wilson loop criterion, the KOmechanism seems to have little relationship
to the observable QCD dynamics creating mesons and baryons. Due to this property, however,
the KO connement mechanism may be studied rather simply without being bothered by
complicated observable dynamics. An extreme example of the realization of this expectation

We restrict the gauge group to SU(N ). The eld variables  = A

; c; c; B are Lie algebra valued and










in terms of Hermitian elds 
a











is the pure-gauge model (PGM) [5, 6]. This is a toy model for the KO connement mechanism.
The PGM is obtained from the Yang-Mills system (1.1) by restricting the gauge eld A

to
















g; c; c;B): (1.4)
Although the PGM has only unphysical gauge-modes, the KO condition that N

is free from
the massless mode is still a non-trivial problem of dynamics. If we adopt the OSp(4/2)
symmetric gauge with G
OSp
(1.2), the PGM in four dimensions becomes equivalent to the
chiral model in two dimensions owing to the Parisi-Sourlas mechanism [7]. This equivalence
and the fact that the chiral model in two dimensions is realized in the disordered phase with a
mass gap [8] implies that the KO condition is actually satised in the PGM with the OSp(4/2)
symmetric gauge [6]. This property is expected to be shared with the ordinary Feynman type
gauge [5]. A lesson we learn from PGM is that, among the degrees of freedom in A

, the
large uctuation of the gauge-mode g(x), namely the mode in the direction of the gauge
transformation, is important for the KO connement mechanism (cf. Ref. [9]).
The purpose of this paper is to present a method to perturbatively introduce physical
degrees of freedom into the PGM and study the KO connement mechanism in the real Yang-







g + (physical-modes) and treat the physical-modes as perturbation to PGM. The
parameter of our perturbation expansion is simply the gauge coupling constant g
Y M
(note that
the PGM is obtained from the Yang-Mills system (1.1) in the vanishing coupling constant limit
g
YM
! 0). We see that, in this perturbation method, quark and gluon elds are conned by
the KO mechanism due to the large uctuation of the gauge-mode g(x). A similar attempt to
adding physical modes to the PGM was made by Izawa [10] using the BF formulation.
The organization of the rest of this paper is as follows. In Sec. 2, we present the general
framework of our perturbation expansion from PGM, and in Sec. 3, we apply it to the study
of the KO connement mechanism. In Sec. 4, we generalize our formulation to the nite
temperature case. The nal section (Sec. 5) is devoted to discussion on the remaining problems.
In the Appendix, we summarize the (anti-)BRST transformations.
2
2 Perturbation expansion around the PGM
For carrying out the perturbation expansion around the PGM, we shall rst modify the Yang-
Mills system (1.1) by introducing the new auxiliary elds. That is, we rewrite the system in






























B) + j	 + j	 is the source
term. Our strategy is to carry out the Faddeev-Popov (FP) trick [11] again to (2.1). We dene


























) g. We have adopted
the Landau gauge for (2.2). We multiply (2.2) to the partition function (2.1) and express the
elds A























Using the gauge invariance of the FP determinant [A] = [A
g

















































































































given in the Appendix. A

and 	 in the source term J  should be understood to be expressed
in terms of g, a

and  as given in Eq. (2.3).
Eq. (2.5) combined with Eq. (2.3) is the basic formula for our perturbation theory. The
original gauge eld A

is expressed in terms of the new gauge eld a

in Landau gauge and
the gauge uctuation g around a

. The path-integrations in (2.5) consist of those over the
PGM elds (g; c; c;B) and those over the new elds (a

; ; ; ;  ). Corresponding to two















. The original elds (A

; c; c; B;	) and the new ones
(a





, respectively. The color rotation of
the original system (1.1) is SU(N)
R
.
Our formula (2.5) has no advantage over the original Z (2.1) for calculating gauge invariant
quantities. However, in the study of the KO mechanism, we are interested in the gauge-variant




i [1], and our formula will prove very useful
as we shall see below.
Now, we shall explain our perturbation expansion around the PGM on the basis of the






; c; c; B;	 =  
g
) obtained by dierentiating Z[J ] (2.5) with respect
to J . Our expansion around the PGM is to carry out the integration over the auxiliary
elds (a





. The remaining integration in (2.5) over the PGM elds (g; c; c;B) should be treated
non-perturbatively.
Let us consider this expansion more concretely. First, it should be noticed that in the
exponent of (2.5) the interactions between the PGM elds (g; c; c;B) and the auxiliary ones
(a

; ; ; ;  ) come from 1) the gauge xing term  i
B














, and 3) 	 = g
y
 in the source term

j	 + j	. Especially the rst
































































where use has been made of the fact that a
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. In the last
expression of (2.6) the rst term is nothing but the PGM Lagrangian (1.4), and the second
4
term is the interaction between the PGM elds and the auxiliary one a

. The separation into














is also the case if we
take the ordinary Feynman type gauge.
Therefore, in the case j =

j = 0 (i.e., no external quarks), the generating functional (2.5)




































































































the diagram contributing to W [j

] with N external a































































In particular, from Eqs. (2.7) and (2.9) we reconrm that the Yang-Mills theory is reduced to
the PGM in the limit g
Y M
! 0. The case of the Green's functions containing the quark elds
	 and 	 can be treated similarly.
3 Color connement
Now let us consider how the color connement by the KO mechanism is realized in the per-
turbation expansion explained in the last section. Although the KO connement condition
is satised in PGM, there is no physical modes to be conned. Dierently to the PGM the
5
present model does contain physical degrees of freedom, and we shall see that they are indeed
conned owing to the disorder of the gauge-mode g(x). Before starting the discussion, we
here stress that we are interested in the connement of the SU(N)
R
color charge carried by
the original elds (A





;  ). These
two color charges are physically equivalent and both should be conned in a more complete
treatment of Yang-Mills theory. However, our perturbation expansion discriminates between
these two color charges.
We shall discuss the connement of SU(N)
R
color in two dierent ways: one is to see
directly the absence of the physical asymptotic states of 	 and A

, and the other is to study the
sucient condition for connement, i.e., the absence of the Nambu-Goldstone mode coupled





First, let us consider the asymptotic elds of quarks and gluons. The question is whether




i (in momentum space) have discrete poles cor-
responding to the physical asymptotic states. However, these discrete poles are absent in the
lowest order of our perturbation expansion. This is seen as follows. Using the expression (2.3)































where hT   i
PGM









the free propagator (i; j; : : : are the SU(N) color indices in the fundamental representation).




























being the mass gap of the PGM (in particular,
we have hgi
PGM
= 0). Namely, 	 = g
y
 is a genuine two-body composite operator and there
is no interaction between the two in the lowest order in our expansion. Therefore, although
the auxiliary quark eld  has an asymptotic eld, the original quark eld 	 does not. In a
word, the large uctuation of the gauge-mode g screens the asymptotic eld of the auxiliary
eld  . The KO connement mechanism requires only that the quark asymptotic elds, if
they exist, are BRST unphysical [1]. In the present case, the asymptotic eld of 	 is totally
absent.
y




remains in general true in our





is a good quantum number. The reason
y
This implies that the asymptotic completeness [12], which requires that the Heisenberg elds are expressed
in terms of the asymptotic elds, is lost if we restrict our consideration only to the original elds.
6





propagation of the auxiliary eld  (see Fig. 1). However, this is impossible since  is SU(N)
R
Ψ Ψ−ψ
Figure 1: A possible origin of the discrete pole in hT		i. The solid line is the  propagator,
and the shaded blobs represent complicated interactions.
singlet while 	 is SU(N)
R
non-singlet. As for the gauge eld A

, the situation is essentially
the same as the quark eld explained above. Note that, if the whole system including the
PGM sector is treated in naive perturbation theory, the two-point function (3.1) has a discrete






(a = 1; : : : ; N
2
 1) being the Nambu-Goldstone mode.
Next, we shall look at the KO mechanism in the context of the absence of the Nambu-
Goldstone mode coupled to the BRST-exact color current N

(1.3). This is almost trivially






metry remains to be realized in a linear manner and N

is nothing but the Noether current
of SU(N)
R
. However, we shall see how it is satised more concretely. The following is almost
the repetition of the argument for the quark connement given above. The Nambu-Goldstone
mode coupled to N

, if it exists, should be revealed as a massless pole in the two-point function
hTN

Oi with O being an operator constructed from the original elds, for example O = A

[1]. Within our perturbation theory the only possible origin of the massless pole contributing
to this Green's function is the auxiliary gauge eld a

with the free propagator (2.10). How-
ever, the diagrams having a single a













and O are SU(N)
R
non-singlets).
Summarizing, what is important for (and almost equivalent to) the KO connement mech-





symmetry is realized in a linear manner. This property holds in the PGM and also in any -
nite order in our perturbation expansion. However, it is not clear at all whether this property
persists beyond our perturbation expansion in g
Y M
, and this is our most important future
subject.
7
4 Finite temperature system
In this section we shall apply our perturbation theory to the nite temperature case. In
particular we are interested in what kind of PGM is obtained as the g
YM
! 0 limit of nite
temperature Yang-Mills theory. The partition function of the nite temperature Yang-Mills





























where all the path-integrals should be carried out using the periodic boundary condition for
the complex time [13, 14]. We have omitted the quark elds from the system for simplicity.
The following argument is applicable to both the imaginary and real time formalisms although
we should consider the real time one if we are interested in the color (de)connement at high
temperature in the KO mechanism [15].
We shall generalize the Faddeev-Popov trick used in Sec. 2 to the nite temperature case.



































g(0;x) (k = 0; 1;    ; N   1): (4.3)
This boundary condition is understood from the fact that A
g

should obey the same periodic








(0;x). The reason why we have to sum over all
the boundary conditions (4.3) is that there does not necessarily exist g(t;x) which satises





= 0 for an arbitrary A

if we restrict g(t;x) to the periodic one.
Since the summation in (4.2) is done with an equal weight, the FP determinant is invari-
ant, [A
h
] = [A], under a gauge transformation h with the twisted boundary condition;
h( i;x) = exp(2il=N)h(0;x). Carrying out the same manipulation as in Sec. 2, we get the





















































Eq. (4.4) tells that the g
YM
! 0 limit of the nite temperature Yang-Mills theory (without



































The same formula as (4.4) is also obtained using a dierent method. This is rst to consider




























] is in fact independent ofA
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invariance of the path-integral measure. Owing to the summation over all the
boundary conditions (4.3) with an equal weight, Y [A







with h( i;x) = exp(2il=N)h(0;x). Since (4.6) is independent of
A

, we insert (4.6) into Eq. (4.1), making the substitution (2.3), and we nally get Eq. (4.4).
The nite temperature PGM was discussed in Ref. [15] and the non-perturbative decon-
ning dynamics was analyzed there. Our nding was that in the low temperature region g is
in the disordered (conning) phase, however, in the high temperature region the ordered (de-
conning) phase is realized. The deconning transition occurred since the infrared singularity
in the perturbative phase is softened in the twisted boundary condition sectors. In Ref. [15]
we summed over more general boundary conditions than (4.3); g( i;x) = hg(0;x) with h
being a general element of the gauge group SU(N). However, the essential properties of the
deconning transition observed in Ref. [15] remain unchanged even if the boundary conditions
are restricted to the Z
N
ones as in (4.5).
If we introduce the quark eld 	 (which is subject to the anti-periodic boundary condition)
into the system, the auxiliary quark eld  = g	 in the B
k
sector should obey the boundary
condition  ( i;x) =   exp (2ik=N) (0;x). The (de)connement of the original quark
eld 	 is shown similarly to the zero-temperature case of Sec. 3.
5 Discussion
In this paper we have presented a perturbation expansion to incorporate the physical degrees
of freedom into the PGM. We have seen that the quarks and gluons are conned in this
perturbation theory.
9
Of course this is not the end of the connement problem. We have to know whether the
conning property persists in a more complete analysis of QCD including the non-perturbative
treatment in g
Y M
. In particular, we are interested in whether the disordered phase of the
gauge-mode g(x) remains intact beyond perturbation theory.
z
For studying non-perturbative
eects to the dynamics of the gauge-mode, it may be helpful to consider the \eective action"
S
eff
by regarding (2.7) with J = 0 as a modied topological model:
S
eff

























Note that the W term in (5.1) is also written in a BRST-exact form 
B
(  ).
As a related question, we have not yet understood how the connement breaks down in
the Higgs phase. Namely, if we introduce the Higgs scalar into the system and break the color
symmetry spontaneously, it is natural to expect that the color connement fails. However,
in the lowest order in our perturbation theory, the color connement holds irrespectively of
the presence of the Higgs eld. This problem may be understood on the basis of the eective
topological model (5.1). In the case the color gauge symmetry is broken in an asymmetric
manner and the gauge bosons get dierent masses, this eect appears in W of (5.1) as explicit
breaking terms of the SU(N)
L
symmetry as seen from the lowest order expression (2.9).
This explicit breaking may trigger the ordered phase of the gauge-mode g(x) to break the
connement. However, if the gauge bosons acquire an equal mass (for example, the case the






. The understanding of the failure of connement in this case is
a challenging problem in the future work.
Appendix: BRST transformations
































c = iB; 
B
B = 0; 
B















c =  iB; 
A
B = 0; 
A
	 =  c	; (A.2)
with B +B = ifc; cg. The auxiliary elds (a







As good news for connement, we mention the one-loop beta function of the PGM coupling constant ,
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 =   ; (A.4)
where  +  = if; g. The original elds (A

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